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INTEGRATION AS INVERSE PROCESS OF DIFFERENTIATION

Integration is the process of inverse differentiation .The branch of calculus which
studies about Integration and its applications is called Integral Calculus.

Let F(x) and f(x) be two real valued functions of x such that,
< F(x) = f(x)

Then, F(x) is said to be an anti-derivative (or integral) of f(x).
Symbolically we write [ f(x) dx = F(x).

The symbol [ denotes the operation of integration and called the integral sign.
'dx’ denotes the fact that the Integration is to be performed with respect to x .The function
f(x) is called the Integrand.

INDEFINITE INTEGRAL

Let F(x)be an anti-derivative of f(x).
Then, for any constant ‘C’,

S{F(x) + C} = F(x) = f(x)

So,F(x) + C is also an anti-derivative of f(x), where C is any arbitrary constant. Then,

F(x) + C denotes the family of all anti-derivatives of f(x), where C is an indefinite constant.
Therefore, F(x) + C is called the Indefinite Integral of f(x).

Symbolically we write

[ @) dx = F(x) +C,

Where the constant C is called the constant of integration. The function f(x) is called the
Integrand.

Example :-Evaluate [ cosx dx.
Solution:-We know that

Liny =

—sinx = cosx
So, [cosx dx =sinx + C
ALGEBRA OF INTEGRALS

LI[f(0) +g()]dx = [ f(x)dx + [ g(x)dx

2. [kfx)dx=k/[f(x)dx, for any constant k.

3Jlaf(x)+bgx)]dx=a/f(x)dx +b [ g(x)dx,
for any constant a & b
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INTEGRATION OF STANDARD FUNCTIONS

n xn+1
1. [x dx=——+C ,(n#-1)
2. f%dx =In|x|+C
3. [ cosx dx =sinx + C
4. [sinxdx = —cosx + C
5. [ sec?x dx =tanx + C
6. [ cosec?x dx = —cotx + C
7. [secxtanxdx = secx +C
8. [ cosecx cotx dx = —cosecx + C
9. [eXdx=e*+C
ax
10. faxdx=E+C,(a>0)
11. [tanx dx = In|secx| + C = —In|cos x| + C
12. [ cotx dx = In|sinx| + C = —In|cosecx| + C
13. [ secxdx =In|secx + tanx| + C
14. [ cosecx dx = In|cosecx — cotx| + C
15. fﬁdx =sin"'x+C
16. f1+1 sdx =tan"'x + C
X
17. [ ———=dx = sec™*x + C
xVxe—1
18. fﬁdx=ln|x+\/x2+1|+6
19. fﬁdx=ln|x+x/x2—1|+€

a?sin®x+b?cos®x
Example:- Evaluate [ ————

sin?2x

2¢in2 2002
. a“sin“x+b“cos“x
Solution:- IT

_ f 2sin?x+b?cos?x
4sin2x.cos2x

LY S Py -

4 Y cos?x 4 Y sin?x

a? 2 b2 2
= [sec?x dx + — [ cosec?x dx
4 4
%[aztanx—bz cotx] +C

INTEGRATION BY SUBSTITUTION

When the integrand is not in a standard form, it can sometimes be transformed to
integrable form by a suitable substitution.

The integral [ f{g(x)}g (x)dx can be converted to
[ f(t)dt by substituting g(x)by t.
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So that, if [ f(£)dt = F(t) + C,then

[ Flg()lg () dx=F{g(x)} + C.

This is a direct consequence of CHAIN RULE.
For,

d d dt dt )
L [F{g@} +Cl = 2[F(0) + €12 = F(0).2 = Flg()}g ()
There is no fixed formula for substitution.

Example:- Evaluate [ cos(2 — 7x) dx
Solution:- Putt = 2 — 7x

So that == = —7 = dt = —7dx
[cos(2—7x)dx = _71fcostdt
= %lsint+ c

= %lsin(Z —-7x)+C

INTEGRATION BY DECOMPOSITION OF INTEGRAND

If the integrand is of the formsinmx - cos nx, cos mx - cos nx or sinmx - sin nx,
then we can decompose it as follows;

1. sinmx - cos nx=%- 2 sinmx - cosnx = %[Sin(m + n)x + sin(m — n)x]|
1

2. COS X - COS NX= [cos(m — n)x + cos(m + n)x]

3. sinmx - sin nx=% [cos(m — n)x — cos(m + n)x]

Similarly, in many cases the integrand can be decomposed into simpler form, which can be
easily integrated.
Example:-Integrate [ sin 5x - cos 2x dx

Solution:- [ sin 5x - cos 2x dx
= 2 [[sin(5 + 2)x +sin(5 — 2)x] dx
= %f(sin 7x + sin 3x) dx

=l[—lcos7x —lc053x] +C
2 7 3

1 1
=——cos7x —-cos3x+C
14 6

sin 6x + sin 4x

Example:-Integrate [

COS 6x + CcOS 4x

. sin 6x + sin 4x 2sin5x cosx
Solution:- f—dx = f—d
— COS 6X + coS4x 2cos5xcosx

sin 5x
= dx
cos 5x
dt . .
Put t = cos 5x, so that = —5sin5x = dt = —5sin5x.dx
sin 6x + sin4x 1 cdt 1
o f RO IOM y = — [ L= —Zn|t| 4+ C
COS 6x + COS 4x 5 t 5
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= —§ln|cos 5x|+ C
= %lnlsec 5x|+ C

INTEGRATION BY PARTS

This rule is used to integrate the product of two functions.
If u and v are two differentiable functions of x, then according to this rule have;

fuvdx=ufvdx—f[z—zfvdx]dx
In words, Integral of the product of two functions

= first function X (Integral of second function)
— Integral of (derivative of first X Integral of second)

The rule has been applied with a proper choice of ‘First’ and ‘Second’ functions .Usually
from among exponential function(E),trigonometric function(T),algebraic
function(A),Logarithmic function(L) and inverse trigonometric function(I),the choice of
‘First’ and ‘Second’ function is made in the order of ILATE.

Example:-Evaluate [ x sin x dx

Solution:- [ x sin x dx
=x[sinxdx— [ [Z—i.fsinx dx] dx
= —xcosx + [ cosx dx
= sinx —xcosx + C

Example:-Evaluate [ e* cos 2x dx

Solution:- [ e* cos 2x dx = e* cos 2x — [ e*(—2 sin 2x) dx
= e* cos2x + 2 [ e* sin 2x dx
= e* cos 2x + 2 [e* sin 2x — 2 [ e* cos 2x dx]
=e*cos2x +2e*sin2x — 4 [ e* cos2x dx + K
S0,5 [ e* cos 2x = e*[cos 2x + 2sin 2x] + K

. [e*cos2xdx = es—x[cos 2x + 2sin2x] + C (where = K/Z )

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

The irrational forms Va? — x2 ,Vx2 + a2 , Vx2 — a? can be simplified to radical
free functions as integrand by putting x = asinf,x = atanf ,x = a sec 8 respectively.
The substitution x = atan @ can be used in case of presence of x? + a? in the integrand,
particularly when it is present in the denominator.

ESTABLISHMENT OF STANDARD FORMULAE

dx . _qx
[ == o+ C



2. fazdfxz = %tan‘1§+ c
_ax  _lopc1X
3. fxgz_az—asec ~+C
4. f%—ln|x+\/xz+az|+6
5. f =In|x +VxZ—a?|+C
Solutions
1. Let x = asin®, so that dx = acosf df and 8 = Sin‘lg

f\/az

2. Let x = atan8, so that dx = a sec?0 d6 and 8 = tan‘lg
. dx _  asec?0d® _  asec?’0df _ ( asec?6 _1 _1
o f [ [ [ do-2fdo=26+C

x2+a? Y a?tan?0+a? 7 a?(tan?0+1)

= [ = (222 = [dO =0+ C =sin 2+ C

—x2 a2-a?sin%@ acosf

a?sec?0

= ltan it
a a

3. Let x = asec8,sothatdx = asecOtan6 df and 6 = sec‘lz
asecOtan6 dO asecOtan6 1
fx\/xz—az fasecex/azseczle—az - faseceatane ——fd@
=20+¢C =—sec‘1x+C
a a
4. Let x = atan#@, so that dx = a sec?0 d#.
asec?0 do asec?0 ,,. _
B f\/x2+a2 = f\/aztan29+az = [ ——;d0=[secf do =In|secd + tan | + K
2
=In|Vtan?6 + 1 + tan 8| + K=ln‘ S+1+3+K
V2 2
B N o I
=ln|x +Vx2 + a2| + K —In|al
=ln|x+\/x2 +a2| +C (Where C=K —In|a] )
5. Let x = asecd, so that dx = asecOtan6 do
dx _ rasecOtan0 df _ rasecOtan0d _
J.\/xz—az B f Va2sec26—-a? _f atané do —fsec@ do

=In|sec6 + tan 8| + K =In|sec + Vsec?d — 1| + K

e 21 ‘+K

L [ mm

=In|x + \/x2 - a2| + K —In|al

=ln|x + Vx? — a2| +C (Where C=K — In|a] )

SOME SPECIAL FORMULAE

1. f\/az—xzdx—zv —x2+—sm —+C

2 NET s = ST 4 S 4 VET @] 4 €
2

3. f\/xz—azdx—gv az—a?ln|x+\/x2—a2|+C
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Solutions:
1. [Va? —x%dx = [1 -Va? — x2dx
- xvaz—xz—fx(%)dx

=xvVa? —x2 + faz_(a _xz)dx
=xm+a2f\/——f\/de
medx—xm+azfm
=xVa? — x2 + a®sin 1Z+K
[V =xPdx =N =22 + L sin X+ C (Where C =5)

2. [Vx?2 +a?dx = [1 -Vx? + a?dx

_ 7 7 _ 2x
xVx2+a fx(—zW)dx
= 2 2 _ [ X _4
xVx?2 +a IWZ
—xViZ v a? - [T gy

=x\/x2+a2—f\/x2+a2dx+azf%
2 [VxZ + aZdx = xm+a2fm
So, 2 [VxZ + a?dx = xVx? + a? + a®In|x + Va2 + a2| + K
VAT F aPdx = VA F @ + Slnjx + VT a2 + ¢
(WhereC=§)

3. [Vx?2 —a%dx = [1 -Vx? — a?dx

=xm—fx(2—%)dx
= 2 g2 - [=X_4g
xVx? —a f\/z_a
—xVE—ar - [y
x—a

=xVx% —a?— f\/xz—azdx+a2fW
2 [Vx? —a?dx = x xz—az—azfm
So, 2 [VxZ —a?dx = xVx? —a? —a’In|x + VxZ — a?| + K
JVRT=aPdx = INxT = — L n|x +VaZ = @2| + C
(Where € =)

METHOD OF INTEGRATION BY PARTIAL FRACTIONS

If the integrand is a proper fraction E > then it can be decomposed into simpler

partial fractions and each partial fraction can be integrated separately by the methods outlined
earlier.




SOME SPECIAL FORMULAE
dx 1 x—a
1. fxz—az —le’l m +C
dx 1 a+x
2. f_az—xz = zln E +C
Solutions:
L LN W A SR
L. We have, x2—a?  (x-a)(x+a) 2a (x—a x+a)

dx 1
|z -zf ((H )
=—[ln|x —al—Inlx+al]+C

xa

dx 1
fxz—az - Zl x+a +C
2. We have

> a?-x2 (a+x)(a—x)
—— (L + L)
2a \a+x a—x
[ L (L + L) dx
a“—Xx 2a a+x a—x
=%[ln|a + x| —Inla—x|]+C

a+x

dx 1
|z =] + €
x24+1
Example.- Evaluate f m dx
2
Solution:-Let —~++ -4 8 ., ¢ (1)

(x—1)2(x+3) x-1 (x-1)2  x+3
Multiplying both sides of (1) by (x — 1)2(x + 3),

= x*+1=A-D+3)+Bx+3)+C(x —1)% —--mmmmmmmmmev ()

Putting x = 1 in (2),we get,B = %

Putting x = —3 in (2),we get,10 = 16C = C =§

Equating the co-efficients of x2 on both sides of (2), we get
1=A+C=A=1-2=2

Substituting the values of A,B &C in (1) ,we get
x*41 3 1 1 1 5 1

(-1)2(x+3) 8 x-1 ' 2 x-12 '8 x+3

f x“+1 x
(x 1)2(x+3)
=3rax 1 f 3rax
(x 1)2 x+3

= —lnlx — 1] +3Inlx + 3| -
8 8

1
2(x—-1)

54
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Example:- Evaluate [ oo

X A Bx+C
0 o _— {
Solution:- Let ———5 = = + 7 (1)

Multiplying both sides of (1) by (x — 1)(x? + 4),we get
x =A% +4) + (Bx + C)(x — 1) - 2)

Putting x = 1 in (2), we get,A = g
Putting x = 0in (2), we get,0 =44 —C = C =44 = C ==
Equating the co-efficients of x2 on both sides of (2), we get
0=A+B=B=—:
Substituting the values of A, B and C in (1) we get

X B 1 1(x—4)
(x—1x2+4) 5(x-1) 5(x2+4)

X 1, dx 1, x-4
f(x—l)(x2+4) de=c) 55  madx

zifd_x_l xdx+§f dx

5 xd—l 51 x;+&} x2-|d-4
x xdx | 4 x

S R R el
5 x—1 10Y x“+4 5Y x%+4

1 — 1l = Linlx2 Zian-1(%
SIn|x — 1| — —-In|x? + 4| + > tan (2)+C

xZ

(x2+1)(x2+4)

Example:- Evaluate [ dx

2 y

X
x2+1)(x2+4)  (y+1)(y+4)

Solution:- Let x> = y Then (

y _ A B
GG vl |y
Multiplying both sides of (1) by (y + 1)(y + 4),we get
y=Aly+4)+B(y+ 1) (2)

Putting y = —1 and y = —4 successively in (2),we get,A = —% andB = g

Let

Substituting the values of A and B in (1),we get

0 _ 1 4
C+D(+9) 300+ | 3(0+4)
Replacing (| by 17, we obtain
02 _ 1 4
RGN

. f x X = —_1 dx if dx
(x2+1)(x2+4) 3 Y x2+1  3Y x2+4
= —Ltan'x +2tan? (f) +C
3 3 2
DEFINITE INTEGRAL

If f(x) is a continuous function defined in the interval [a,b] andF(x) is an anti-

dzgcx) = f(x) ,then the define integral of f(x) over [a,b] is denoted by

derivative of f(x) i.e.,

ff f(x)dx and is equal to F(b) — F(a)
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i.e., [ f(x)dx = F(b) — F(a)

The constants a and b are called the limits of integration. ‘a’ is called the lower limit and ‘b’
the upper limit of integration.The interval [a,b] is called the interval of integration.

Y
A
=f(x)
o[ 4 d b X
Geometrigally, the definite integral ff f(x)dx is the AREA of the region bounded by the
curve y =¥ f(x) and the lines x = a,x = b and x-axis.

EVALUATION OF DEFINITE INTEGRALS

To evaluate the definite integral f; f (x)dx of a continuous function f(x) defined on [a, b],
we use the following steps.

Step-1:-Find the indefinite integral [ f(x )dx
Let [ f(x)dx = F(x)

Step-2:-Then, we have
[2 f(x)dx = F(x)]3=F(b) = F(@)

PROPERTIES OF DEFINITE INTEGRALS

L [PfeOdx == [ f(x)dx

2. [UfGode= [ fO)dy = [) f(z)dz

i.e., definite integral is independent of the symbol of variable of integration.
3. [ fGodx= [ f(x)dx=f f(x)dx,a<c<b
4. [lfeydx= [ fla—x)dx,a>0

a _[20tf(0)dx,  if f(=x0)=f(x)
5. o f (x)dx= [ 0, 0=

2a 208 Fddx,  iffa—x)=F(x)
6. Jo " fGedda= if f(2a-2)=—F ()

Example:- Evaluate [ 01 xtantx dx



Solutlon -We have, [ xtan™tx dx = —tan Ix — —fx2+1
_ X (x%+1)— 1
= tan x — f e

=—tan x——fd += fx2+1

=—tan x——+—tan Ix
2 2 ' 2
x“+1 _ x
=D om 1x—§
1
1 _ x%4+1 _ x
[ xtan™'x dx = [—tan 1x——]
0 2 21p
— 1 T 1
=tan 11 —==--=
2 4 2

- .
Example:- Evaluate [ /2__sinx

sin x+cosx

- :
Solution:-Let I= /2 ﬁ

_ sm(——x)
f sm(——x)+cos(5—x)
_ f T/, cosx

cos x+sm X

dx

T T SR L S

sinx+cosx cosx+sinx

=f:/2 dx:x]’(:/z =§

T
4

f”/z sinx dx ==

0 sinx+cosx T4

AREA UNDER PLANE CURVES
DEFINITION-1:-

_ f n/, (sinx+ cosx)
0  (sinx+cosx)

57

Area of the region bounded by the curve y = f(x), the X-axis and the lines x = a,x = b is

defined by

Area=|[ ydx| = |/ f(x)dx|

v
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DEFINITION-2:-Area of the region bounded by the curve x = f(y), the Y-axis and the lines
y = ¢,y = d is defined by

Area=| [ xdy| = | [ )y

v

Example:-Find the area of the region bounded by the curve y = e3¥, x-axis
and the lines x = 4,x = 2.

Solution:-The required area is defined by
— 4 3x _l 3x4_l 12x __ ,6x
Afze dx =3e ]2—3(e e®¥)

Example:-Find the area of the region bounded by the curve xy = a?, y-axis and
the linesy =2,y =3

2
. a
Solution:- We have, xy = a? = x = 5

-~ The required area is defined by
_r3 _ 2 (34 _ .2 3_ .2 _ — 2210 (3
A—fzxdy—a f2 y—[a Iny]3 =a?(In3—-In2)=a ln(z)

Example:-Find the area of the circle x2+y? = a?

Solution:-We observe that, y = Va?—x? in the first quadrant.

-~ The area of the circle in the first quadrant is defined by,

A= an\/612—x2 dx
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As the circle is symmetrically situated about both X —axis and Y —axis, the area of the circle
is defined by,

a
A=4 [ "Va?—x?dx
x a? . _ x|
=4 |EVa2—x2 + = sin 15|
0

a2 . _ T
= 4= sin 11 = Zazz = ma’.

DIFFERENTIAL EQUATIONS

DEFINITION:-An equation containing an independent variable (x), dependent variable (y)
and differential co-efficients of dependent variable with respect to independent variable is
called a differential equation.

For distance,

1. d—y=sinx+cosx
5
4 — 3
2. dx+2xy X
Y ay)?
3. y—xdx+ 1+(dx)

Are examples of differential equations.

ORDER OF A DIFFERENTIAL EQUATION
The order of a differential equation is the order of the highest order derivative
appearing in the equation.

@2y | qdy — X
,dx2+3dx+2y—e s

The order of highest order derivative is 2. So, it is a differential equation of order 2.

Example:-In the equation

DEGREE OF A DIFFERENTIAL EQUATION

The degree of a differential equation is the integral power of the highest order
derivative occurring in the differential equation, after the equation has been expressed in a
form free from radicals and fractions.

3 2
Example:-Consider the differential equation % -6 (%) —4y =0

In this equation the power of highest order derivative is 1.So, it is a differential equation of
degree 1.

Example:-Find the order and degree of the differential equation

e @] =k
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Solution:- By squaring both sides, the given differential equation can be written as

() [+ ()] =0

The order of highest order derivative is 2.So, its order is 2.
Also, the power of the highest order derivative is 2.So, its degree is 2.

FORMATION OF A DIFFERENTIAL EQUATION
An ordinary differential equation is formed by eliminating certain arbitrary constants
from a relation in the independent variable, dependent variable and constants.

Example:-Form the differential equation of the family of curves  y = asin(bx + ¢), a and
¢ being parameters.

Solution:-We have y = asin(bx + ¢) ------------- (D

Differentiating (1) w.r.t. x, we get
% = ab cos(bx + ¢) 2)
Differentiating (2) w.r.t. x, we get
2
% = —ab? sin(bx + ¢) 3)
Using (1) and (3), we get
Py _ _ b2
dngz Y
ay
=z + bzy =0

This is the required differential equation.

Example:-Form the differential equation by eliminating the arbitrary
constant in y = Atan™'x.

Solution:-We have, y = Atan™x = ———moememmemmee- (1)

Differentiating (1) w.r.t. x, we get
dy A
dx ~ 1+x2
Using (1) and (2), we get
&v__ v
dx  (1+x2)tan—1x
o (14 xz)tan‘lxz—z =y

This is the required differential equation.

2)

SOLUTION OF A DIFFERENTIAL EQUATION
A solution of a differential equation is a relation (likey = f(x) or f(x,y) =
0)between the variables which satisfies the given differential equation.

GENERAL SOLUTION
The general solution of a differential equation is that in which the number of
arbitrary constants is equal to the order of the differential equation.
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PARTICULAR SOLUTION
A particular solution is that which can be obtained from the general solution by
giving particular values to the arbitrary constants.

SOLUTION OF FIRST ORDDER AND FIRST DEGREE DIFFERENTIAL
EQUATIONS

We shall discuss some special methods to obtain the general solution of a first order
and first degree differential equation.

1. Separation of variables
2. Linear Differential Equations
3. Exact Differential Equations

SEPARATION OF VARIABLES

If in a first order and first degree differential equation, it is possible to separate all
functions of x and dx on one side, and all functions of y and dy on the other side of the
equation, then the variables are said to be separable.Thus the general form of such an
equation is f(y)dy = g(x)dx
Then, Integrating both sides, we get

[f(»)dy = [g(x)dx + C as its solution.

Example:-Obtain the general solution of the differential equation
dy
9y =T 4x =0

Solution:- We have, 9y Z—z +4x =0

= 9y dy = —4x dx
Integrating both sides, we get
9 [ydy = —4 [ xdx

=

N | o

cy? = _74x2 +K
=9y?=—-4x2+C (Where C=2K)

=>4x2+9y?=C
This is the required solution
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LINEAR DIFFERENTIAL EQUATIONS
A differential equation is said to be linear, if the dependent variable and its differential co-

efficients occurring in the equation are of first degree only and are not multiplied together.
The general form of a linear differential equation of the first order is

dy _
L 4Py =Q, oo (1)
Where P and Q are functions of x.

To solve linear differential equation of the form (1),
at first find the Integrating factor = e/ P 9% (2)

It is important to remember that

LF = el Prdx
Then, the general solution of the differential equation (1) is

y.(I.LF)=[Q.(I.F)dx + C 3)
Example:-Solve Z—z + ysecx =tanx
Solution:-The given differential equation is
oy (secx)y =tanx --------mmmmmmem- (1)
dx
This is a linear differential equation of the form
%+ Py = Q ,where P =secx and Q = tanx
LF= efP-dx - efsecxdx —eln(secx+ tanx)

So, LF=secx +tanx

. The general solution of the equation (1) is
y.(I.LF) = [QU.F)dx + C

> y (secx +tanx) = [tanx (secx + tanx)dx + C
= y (secx +tanx) = [(tanx secx + tan?x)dx + C
= y (secx +tanx) = [(tanx secx + sec?x — 1)dx + C
= y(secx +tanx) =secx +tanx —x + C
This is the required solution.

Example:-Solve:(1 + x?2) Z—z +2xy —4x* =0

Solution:-The given differential equation can be written as
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d
(1+ xz)d—i} + 2xy = 4x?

dy 2x o 4x? p
ax "1z VT T2 (1)
This is a linear equation of the form % +Py=Q,
2x 4x?
Where P = T and Q = o,
We have, IL.F = efP'dx = efo/(1+x2)dx = eln(1+x2) =14+ x2% oo )

~The general solution of the given differential equation (1) is
y.(I.F) = [Q.(I.F)dx + C
= y(1+x?)= f:::z (1+xHDdx+C
= y(1+x*) =4 x*dx+C
=  y(1+x?) =§x3+C
This is the required solution

EXACT DIFFERENTIAL EQUATIONS

DEFINITION:- A differential equation of the form
oM aN

M(x,y)dx + N(x,y)dy = 0 is said to be exact if o = o

METHOD OF SOLUTION:-

The general solution of an exact differentia equation Mdx + Ndy = 0 is
jde + f(terms of N not containing x)dy = C,

(y=constant)

. oM AN
Provided — = —
ady ox

Example:- Solve;(x? — 4xy — 2y%)dx + (y? — 4xy — 2x%)dy = 0.
Solution:-The given differential equation is of the form Mdx + Ndy = 0.

Where, M = x? — 4xy — 2y? and N = y? — 4xy — 2x?

oM aN
Wehavea— —4x—4y —a
. aM _ 9N : . . .
Since % xS the given differential equation is exact.

The general solution of the given exact differential equation is
fde + j(terms of N free fromx)dy = C

(y=constant)
= [(x? —4xy — 2y?)dx + [y*dy =C
(y=constant)



x3 3
= ?—szy—ny2+y?=C
= x3—-6x%y—6xy?+y3=_C.

This is the required solution.
Example:- Solve;(x? — ay)dx = (ax — y?)dy
Solution:-The given differential equation can be written as

(2 —ay)dx+ (y? —ax)dy =0 ——ommeemeem - (1)
Which is of the form Mdx + Ndy = 0,
Where,M = x? —ay and N = y? — ax.

oM AN
We have — = —a and — = —a
dy dx

.M _ 9N . . .
Since Pl the given equation (1) is exact.

» The solution of (1) is [(x? — ay)dx + [ y?dy =C
(y=constant)
3
= 3" axy + 3= C
= x3 —3axy +y3 =C,

Which is the required solution.

Example:- Solve; ye*dx + (xe* + 2y)dy = 0.

Solution:- The given differential equation is ye*¥dx + (xe*¥ + 2y)dy = 0,

Which is of the form Mdx + Ndy = 0.

Where,M = ye™” and N = xe™” + 2y
oM aN
We have ok e* + xye™ = P
So the given equation is exact and its solution is
[ye*¥dx + [ 2ydy = C.
(y=constant)
eV +y?=C

Example:- Solve; (3x% + 6xy?)dx + (6x%y + 4y3)dy = 0

Solution:- The given equation is of the form Mdx + Ndy = 0,

Where,M = 3x2 + 6xy? and N = 6x%y + 4y3
oM aN

We havea = 12xy = P

So the given equation is exact and its solution is

J(3x% + 6xy?)dx + [(4y3)dy = C

(y=constant)

3x3 6 4

2y 222 4 T4
= 3 +2x y +4y C

=>x3 +3x%y* +y*=C
This is the required solution.
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